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ABSTRACT A generalized Flory-Huggins theory for use in fitting and predicting liquid-liquid phase diagrams 
is presented. The x parameter is defined through the chemical potential of the diluent and is represented 
as a product of composition-dependent and temperature-dependent terms. The former is quadratic, and the 
latter contains a logarithmic term in addition to the usual linear dependence on 1/T. The Koningsveld g 
factor is obtained by integration of the composition-dependent x .  Comparisons are made with experimental 
data, and it is shown that the functional form that is chosen for x is sufficient to  fit phase diagrams having 
a upper and lower critical solution temperatures, combination of the two with the LCST lying above the 
UCST, closed loop, and hourglass shapes. Such comparisons may be used to extract the temperature and 
concentration dependence of x for the system. Both binodals and spinodals are calculated. The treatment 
is applicable to polymer blends as well as solutions with low molecular weight diluents. 

Introduction 
Phase diagrams can be used to describe liquid-liquid 

phase separation in polymer solutions and blends. For a 
binary system, such diagrams are typically comprised of 
two phase regions: the domain of coexistence is bounded 
by the binodal curve, and the limits of metastability are 
defined by the spinodal curve. The miscible and binodal 
regions correspond to the existence of a single stable phase 
and two stable phases, respectively, and in the spinodal 
region the two components form two metastable phases. 
Undoubtably, the most well-known theory of the ther- 
modynamics of mixing and phase separation in polymer 
systems is the Flory-Huggins lattice theory.' However, 
one of the major shortcomings of the original Flory-Hug- 
gins theory is that the Flory-Huggins interaction param- 
eter (XFH) employed in this theory is considered to be 
concentration independent and inversely proportional to 
temperature. Experithentally, it is known that this is an 
oversimplification and that the interaction parameter is 
actually a much more complicated function of both 
concentration and temperature for most real polymer 
systems. In addition, the Flory-Huggins theory describes 
the phase separation only qualitatively rather than quan- 
titatively. 

Other theories, such as corresponding states? equation 
of ~ t a t e , ~ , ~  and others: were introduced to take account 
of the effect of the properties of the pure components on 
the interaction parameter. While these theories success- 
fully explained both the lower critical solution temper- 
ature (LCST) and upper critical solution temperature 
(UCST) phenomena in some polymer systems, they have 
not been widely used because most of the characteristic 
properties of the pure components required by these 
theories are unknown, especially for polymer systems. An 
alternative approach to describe quantitatively the phase 
behavior of real polymer systems is to consider the 
interaction parameter (x) to be a general function of both 
temperature and concentration (Le., treat x as an empirical 
function). This approach has the advantage that a 
considerable amount of data has already been published 
on the temperature and concentration dependence of x6*7 
for polymer solutions, and some of this has been 
tabulated.g11 Here we describe a modeling method based 
on the latter approach, and we illustrate how this allows 
the interpretation and fitting of several experimentally 
observed forms of phase diagrams for binary systems. In 
addition to predicting the phase behavior of binary 
polymeric systems for which x and its dependence on tem- 
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perature and concentration is known, the method described 
here also permits the estimatiqn of x(T,rp) by fitting 
theoretical curves to experimental binodals or spinodals. 

Thermodynamic Function 
Free Energy of Mixing. The Flory-Huggins expres- 

sion for the Gibbs free energy density of mixing of 
component 1 with component 2 is given by' 

where AG is the free energy of mixing per unit volume, R 
is the gas constant, T i s  the absolute temperature, and 
cpz and N1 and Nz are the volume fractions and relative 
molar volumes of component 1 and component 2, respec- 
tively, and XFH is the Flory-Huggins interaction parameter. 
The volume fractions p~ and cpz of component 1 and 2 are 
given by 

(3) 

where nl and n2 are the proportionate number of moles 
of components 1 and 2. 

In eq 1, XFH is concentration independent and is only 
a function of the reciprocal of temperature. However, XFH 
should be replaced by a more general interaction param- 
eter,g(T,cpz), that is dependent on both temperature and 
concentration, i.e., 

(4) 
' P Z  AG 4 - = - In q1 + - In 'pz + gp,cp, 

R T  N ,  NZ 
if real systems are to be described by this free energy 
€unction. 

Figure 1 is a schematic representation of a typical 
dependence of AG on cpz at  a temperature T', together 
with the corresponding phase diagram. At  temperature 
T' the system is miscible for only part of the range of cpz. 
The phase diagram is of the LCST type. On the phase 
diagram, the outer bold curve is the binodal and is defined 
by the points of the common tangent to AG (i.e., cpa and 
'pe a t  T'). At these compositions the chemical potentials 
are equal and two phases can coexist. The inner curve on 
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T e m p a r m  = T ’ 

AG I 

CPZ 

Figure 1. Schematic representation of a typical dependence of 
AG on a at temperature T and the corresponding phase diagram 
(Tvs a). 

the phase diagram in Figure 1 is the spinodal, which is 
defined by the points of inflection on the upper curve of 
AG (Le., cpb and Cpd at 2’’). For compositions between cpb 
and Cpd the system is unstable to all small concentration 
fluctuations, and the phase separation process is called 
spinodal decomposition. Between (pa and cpb and Cpd and 
pe, small fluctuations are damped out and phase separation 
proceeds by a nucleation and growth process. The point 
where the binodal and the spinodal meet is the critical 
point. 

To construct a phase diagram for a binary system, it is 
necessary to evaluate eq 4. However, the interaction 
parameter g cannot be determined directly from exper- 
iment, and it is therefore more convenient to relate g to 
an experimentally derivable interaction parameter x 
defined in terms of chemical potentials. The relationship 
between g and x is developed in the following section. 

Partial Molar Quantities. The chemical potential 
Ap, of the component i in the solution is defined as 

= (aAG/ani)Tp,,,j ( 5 )  

The following expressions for the chemical potentials of 
components 1 and 2 can be derived from eqs 4 and 5 as 

Ap,/RT = In (1 - vz) + vz(l - N1/N2) + gN1vZ2 - 
v1vz2N1g’ (6) 

where 

gf = (ag/a9z)T 
The interaction parameter, x, is defined8 in terms of the 
chemical potential of component 1 as 

Comparing eq 6 with eq 8, we have6 

and on integration 

lLx(T,v) dv = (1 - vz)g(T,vJ  (10) 

As can be seen, g is not equal to x in general. Only if g 
is independent of concentration are g and x equal. The 
concentration dependence of the interaction parameter 
can be determined by osmotic pressure, vapor pressure, 
gas-liquid chromatography, freezing-point depression, 
swelling equilibria, intrinsic viscosity, light scattering, 
critical point, and other methods.8 

It follows from eq 9 that 

where the prime, double prime, and triple prime denote 
the first, second, and third derivatives with respect to the 
volume fraction of component 2. 

An analysis of eqs 4,6,7,9,  and 10 gives the free energy 
and chemical potentials in terms of the interaction 
parameter x as 

(14) 

Selection of the  Functional Form for  x.  The exact 
analytical form of the expression for x need not be known, 
but for computational expediency we will regard x to be 
comprised of a product of temperature-dependent, D( r), 
and concentration-dependent, B ( e ) ,  terms? such that 

x = m T )  B(vJ (16) 
The form of the concentration dependent term is taken 
as12 

where bj (i = 1, ..., n) are constants (bo is equal to 1 in ref 
12). These are the most general and realistic functional 
forms available in the l i t e r a t ~ r e , ~ ~ - ~ ~  and in addition the 
original concentration-independent Flory-Huggins inter- 
action parameter may be readily recovered from these 
expressions. The concentration dependence of x has been 
reported for certain polymer solutions, and although the 
amount of such information is more limited for blends, 
the approach here is equally applicable. Furthermore, 
the values of the coefficients bi can be estimated from the 
experimental data of critical solution temperatures and 
concentrations in spinodal or binodal curves. The con- 
centration-dependent interaction parameter function is 
adequately described by a second-order function in most 
cases, so the form 

B(vJ = 1 + b,vz + b,v,2 (18) 
is used in our work. 

To determine an appropriate functional form forD(T), 
we start by separating D(79 into enthalpy, K ,  and entropy, 
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$, terms’ as 

In addition, we have the two standard thermodynamic 
functions 

D ( T ) = K + $  (19) 
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d(TD)/dT = $ (20) 

d$/dT = [IT (21) 

where [ is proportional to the reduced partial molar heat 
capacity of solution at  constant pressure. 

Equation 21 integrates to 
+ = [ In T + constant (22) 

on the assumption that [ is a constant. This expression 
for $ may be substituted into eq 20 and integrated toget13J4 

D ( T )  = do + d l /T  + d, In T (23) 
where do, dl, and dz are constants. 

Phase Equilibria in Binary Systems 
Binodal. Under certain thermodynamic conditions, a 

homogeneous polymer solution or mixture may separate 
into two or more phases. The conditions for equilibrium 
between two phases in a binary monodisperse component 
system may be expressed by the equations 

= AP’‘~ (24) 

where the prime and double prime denote two different 
phases. Using eqs 14, 15, 24, and 25, one obtains the 
expressions 

Combining eqs 16, 27, and 28, we have the equations 

that must be solved simultaneously to obtain the binodal 
curve. By giving the volume fraction in one phase for 
component 2, the above two equations may be solved to 
obtain the volume fraction in the other phase for the same 
component. 

As can be seen, the temperature-dependent x parameter 
can also be obtained easily from eqs 28 and 29. Then 
D(T)  can be inverted to get the temperature on the bin- 
odal curve. 

Spinodal. The spinodal curve defines the boundary 
between unstable and metastable mixtures. Thermody- 

Figure 2. Effects of the coefficients dl and dp on the shape of 
the spinodal curve: (a) dz > 0, (b) dz < 0, (c) d l  < 0 and dz = 0, 
(d) dl > 0 and dz = 0, and (e) dz > 0. 

namically, the spinodal condition is defined by 

a2AG/a(p12 = 0 (30) 
When this expression is negative, the system always 
separates into different phases. Explicitly, the spinodal 
curve is described mathematically by 

+-- 2g + 2 0  - 2p,)g’ + g”(p,(l- (c,) = 0 (31) 1 - 
“1 N2v2 

By substituting g’ and g” from eqs 10 and 11 into the 
above equation, one obtains 

Upon substituting eq 16 into eq 32, one finds 

To understand the conditions for incipient spinodal phase 
separation, let us analyze eq 33 for different cases. For 
the convenience of analysis, define 2 as 

(34) 
It is clear from eq 33 that Z and D(T) must have the same 
sign for the equation to possess a solution. First note that 

z = 2B((p,) + ccZB‘(c0,) 

d2 
5 - 2  

=- 

(35) 

The extrema1 temperature obtained by setting eq 35 equal 
to zero is 

5- = dl/d, (37) 
The slope and curvature of D(T) determine the shape of 
the phase diagram. Conditions for phase separation are 
readily deduced from inspection of eq 33 with the aid of 
eqs 35-37. If this equation is satisfied, we may have two 
kinds of phase diagrams of temperature versus concen- 
tration depending on the sign of dz. Both LCST and UCST 
phenomena may exist in principle. When dz is positive, 
a phase diagram such as in Figure 2a is obtained, and 
when d2 is negative, one similar to that in Figure 2b is 
found. However, one should not be surprised to observe 
only either LCST or UCST behavior in a certain exper- 
imental temperature range. If dz is equal to 0, only an 
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LCST or a UCST can be observed (Figure 2c,d), depending 
on the sign of dl .  Figure 2e is obtained when the UCST 
and LCST (as in Figure 2a) boundaries coalesce so that 
the two regions of limited miscibility give an hourglass 
shape. No critical temperature is present in this case. On 
the other hand, if 2 and D(T)  have opposite signs, the 
system is stable and no phase separation occurs. 

Critical Point. The critical point is on the binodal 
and spinodal curves where the two phases become identical 
and form one phase. This condition is expressed as 

aAP a2APl 

~ V Z  aV,2 1=-- -0 (38) 

Explicitly, these conditions are 
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Table I 
Effect of d1 and da on the Type of Phase Diagram 
di dz type of phase diagram 
>O 0 UCST 
CO 0 LCST 
>O >O LCST + UCST, hourglass 
CO CO closed loop 

Table I1 
Interaction Parameters Used To Generate the Hypothetical 

Phase Diagrams of Polymer Blends Shown in Figure 4 

+~,~B”(V~)IUT) = 0 (42) 

One solves the above two equations simultaneously to get 
the critical temperature and critical volume fraction. 

Examples of Phase Diagrams 
In polymer solutions and polymer blends, LCST, UCST, 

combined USCT and LCST, hourglass, and closed-loop 
shaped phase diagrams have been found experimentally. 
These five types of phase diagrams are the most commonly 
observed phase diagrams in polymer systems. Polystyrene 
in cyclohexane exhibits a UCST phase diagram,lZ whereas 
polystyrene in benzene exhibits an LCST-type phase 
diagram.12 However, polystyrene in acetone may exhibit 
either a combined UCST and LCST type or an hourglass 
shape phase diagram, depending on the molecular weight 
of the polystyrene.” A closed-loop phase diagram is found 
in the poly(viny1 alcohol)-water system.z0 Recently, a 
closed-loop phase diagram was also reported for polycar- 
bonate and poly(methy1 methacrylate) blends,2l but a 
reviewer has brought to our attention that this work is 
flawed by kinetic artifacts due to the use of finite heating 
rates. The majority of known compatible polymer blends 
exhibit LCST type phase diagrams, but some examples of 
UCST type behavior are known, such as the polybuta- 
diene and poly(methy1styrene) sy~tem.~3 Polybutadiene 
and poly(styrene-co-butadiene) blends give a combined 
UCST and LCST type phase diagram.% According to 
Sanchez,26 95 7% of binary blends have phase diagrams of 
the hourglass shape and are incompatible over much of 
the range of composition. A detailed description of phase 
diagrams and the compatibility of polymer blends and 
solutions can be found in the literature.22.z6 

Hypothetical Phase Diagrams. As stated in the above 
section, the theory described here is capable of representing 

type of 
phase diamam 

(1 + 0.01- + 0.001~2)(0.013 - 2.01/“) LCST 
(1 + 0.01- + 0.001~2)(0.0 + 2.01/r) 
(1 + 0.01- + 0.001~z)(-0.03487 + 
2.01/T+ 0.006 In r )  

(1 + 0.01- + 0.001~2)(-0.03435 + 
2.01/T + 0.006 In r )  

(1 + 0.01- + 0.001~2) 
(0.047 - 2.01/T - 0.006 In r )  

UCST 
combined UCST 

and LCST 
hourglass 

closed loop 

Figure 3. Phase diagrams of hypothetical polymer blends. The 
solid line is the binodal and the broken line is the spinodal. The 
diagrams are of the form (a) LCST, (b) UCST, (c) combined 
LCST and UCST, (d) hourglass, and (e) closed loop. 

phase diagrams of the UCST, LCST, combined UCST 
and LCST (with the UCST below the LCST), hourglass, 
and closed loop (with the UCST above LCST). To 
generate a phase diagram of a particular form, one should 
start by adjusting the Coefficients (bl and bz) of the 
concentration-dependent interaction parameter until the 
desired critical volume fraction is obtained. This may be 
assessed by viewing a plot of x against (a, the former being 
the locus of points that solves the equilibrium equations. 
The coefficients (do, d l ,  and dz) of the temperature-de- 
pendent interaction parameter may then be used to adjust 
the shape of the phase diagram (T against (a). We find 
it expedient to begin by setting do in the range k0.5 and 
then a guide for the initial values of dl and dz may be 
obtained from Table I. Small changes may then be made 
to the values of the coefficients to optimize the phase 
diagram to the required form. The x interaction parameter 
thus obtained is taken to be the true interaction parameter 
for the system. 

To illustrate the generation of the different phase 
diagrams, five phase diagrams were produced for hypo- 
thetical polymer blends by using the functions for x shown 
in Table 11. The resulting phase diagrams are displayed 
in Figure 3. The molecular weights of componenta 1 and 
2 are l@ and 106, respectively. The density of both 
components is 1.00 g em-3. The degree of polymerization 
of component 1 is 100. 

As one can see from Figure 3, the theory discussed here 
is able to predict five types of phase diagrams in polymer 



Macromolecules, Vol. 24, No. 7, 1991 

Mn olbolysiyrene 

Binary Polymer Solutions and Blends 1659 

Table 111 
M, and M J M .  of PSD and PVME 

Temp (K) 

381 
0.006 Volume Fractlon 2 0.958 

Figure 4. Experimental (points) and theoretici [curves) p..ase 
diagrams of polystyrene (Mu = 34000, 62000, 1OOOO0, and 
220 000) and poly(viny1 methyl ether) blends. 

blends with appropriately selected interaction parameters. 
Similar types of phase diagrams may of course be generated 
for polymer solutions. 

Comparison with Published Experimental Data. 
I t  has been reported that a blend of polystyrene (PS) and 
poly(viny1 methyl ether) (PVME) shows an LCST type 
phase diagramsn The phase diagram determinations were 
performed on samples of narrow molecular weight dis- 
tribution in order to reduce polydispersity effects. The 
experimental phase diagrams of PVME (Mn = 75 000, Mw/  
Mn = 1.27) with four different fractions of PS (Mn = 
220 000,100 000,62 000, and 34 000, Mw/Mn 1.08) are 
replotted in Figure 4. The theoretical binodal curves of 
the different molecular weight combinations have been 
calculated by using a single x interaction parameter and 
are also plotted in this figure. Polystyrene is component 
2. The x interaction parameter used is 

x(T,p2) = (1 - 0.4p2)(0.02215 - 8.0/T) (43) 

As we can see, the calculated curves provide good fits 
to the experimental data corresponding to PS samples of 
two molecular weights ( M ,  = 62 000 and 100 000). How- 
ever, the fitting is not as good for the other two samples 
(M, = 34 000 and 220 000). This indicates that other 
parameters, such as the molecular weight, polydispersity, 
and density change, may also affect the interaction 
parameter in this system. Of course, different x interaction 
functions may be used to fit each curve if desired. 

Spinodal data have been reported28 for blends of deu- 
terated polystyrene (PSD) and poly(viny1 methyl ether) 
(PVME). The weight average molecular weights and poly- 
dispersities of the samples studied are listed in Table 111. 
The densities of PSD and PVME at  420 K are taken as29930 
1.092 and 0.983 g ~ m - ~ ,  respectively. The experimental 
data and the calculated spinodal curves are plotted in 
Figure 5 with PSD as component 2. The interaction 
parameters used for samples L, M, and H were 

respectively. In all cases, the x parameter required to 
produce an acceptable fit to the experimental data had a 
strong concentration dependence. The agreement between 

.. - 
PSD PVME 

L 2.30 
M 4.02 
H 5.93 

45c 

Temp (KI 

415 

1.14 3.89 
1.42 2.10 
1.48 11.0 

1.25 
1.32 
1.26 

a 

005 Volume Fraction 2 0. 

410 
0.0065 Volume Fraction 2 0.9 

420 
0.5 0.005 Volume Fraction 2 

Figure 5. Experimental (points) and theoretical (curves) spin- 
odals for blends of deuterated polystyrene and poly(viny1 me- 
thyl ether): (a) sample L, (b) sample M, and (c) sample H. (See 
Table 111.) 

calculated curves and experimental data is much better 
for samples L and H than for sample M. It may be 
pertinent to note that unlike samples L and H, sample M 
did not have antioxidant added to help prevent degra- 
dation.28 

A blend of deuterated polybutadiene (DPBD) (Mn = 
134 000, Mw/Mn = 2.0) and protonated polybutadiene 
(PBD) (M,  = 135 000, Mw/Mn = 1.8) was investigated by 
Sakurai e t  al.31 using small-angle neutron scattering and 
was found to exhibit a UCST-type spinodal phase diagram. 
This example provides a particularly clear illustration of 
the advantages of determining the temperature and 
concentration response of the x parameter using the 
method described in this publication, compared with other 
methods of data analysis such as those used by Sakurai 
et These authorsS1 used a Flory-type temperature- 
dependent interaction parameter such that eqs 18 and 23 
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0.10 Volume Fraction 2 0.90 

Figure 6. Experimental (points) and theoretical phase diagrams 
of a deuterated polybutadiene and protonated polybutadiene 
blend. Curve a is calculated according to the average of the 
experimentally determined interaction parameters. Curve b 
results from a temperature-dependent interaction parameter 
derived here, and curve c has a concentration-dependent com- 
ponent. 

Figure 7. Experimental (points) and theoretical (curve) phase 
diagrams of an aqueous solution of the copolymer poly(viny1 
alcohol)es-co-(vinyl acetate),) (M, = 140 OOO). 

become 

D(T)  = do + d,/T (48) 

and fitted to data at each concentration. This resulted in 
values of do and dl corresponding to the different con- 
centrations that differed in some nonsystematic way by 
a factor of 2-3. The variation in the values of these 
coefficients is presumably due to experimental uncertainty 
and indeed, the authors31 state that they detected no 
significant composition dependence of the interaction 
parameter within experimental error and the range of the 
data. However, if one now wishes to describe the spinodal 
curve, it is unclear what temperature dependence to use 
for x .  To illustrate this point, the experimental spinodal 
data31 for the DPBD/PBD blend are plotted in Figure 6 
together with three theoretical curves. The deuterated 
polybutadiene fraction is component 2. Curve a was 
obtained by using average values for do (=0.000 877) and 
dl (=0.295) calculated from the data in ref 31. This curve 
has a poor correspondence to the experimental data. 
However, a much better fit to the data is obtained by 
considering all the points simultaneously by using the 
approach described here. This resulted in curve b by using 

x ( T )  = 2.20 X lo-' + 0.100/T 
as the temperature dependent interaction parameter. This 
curve provides a much better fit to the experimental data. 
The critical volume fraction of DPBD determined by using 
the above concentration-independent, temperature-de- 
pendent interaction parameter is 0.501, which is identical 

187 
0 473 0.003 Volume Fradion 2 

Figure 8. Experimental (points) and theoretical (curve) phase 
diagrams of polystyrene (M, = 4800) in acetone. 

4301 

Figure 9. Experimental (points) and theoretical (curve) phase 
diagrams of polystyrene (M, = 19 800) in acetone. 

with that determined e~perimentally.~~ A slight improve- 
ment in the fit may be produced by including a concen- 
tration dependence of x such that 

x(T,p2) = (1 - 0.150p2)(0.0001195 + 0.090/T) 
The spinodal curve that results from this concentration 
dependent x is labeled c in Figure 6. 

A closed-loop phase diagram is observed20for an aqueous 
solution of the copolymer poly((viny1 alcohol)~~-co-(vinyl 
acetate),) with a number average molecular weight of 
140000. This phase diagram is replotted in Figure 7 
together with the theoretically fitted binodal curve. With 
the polymer as component 2, the interaction parameter 
used to generate the theoretical plot is 

x(T,p2) = (1 + 0.65p2)(2.582 - 111.9/T - 0.30 In T)  
I t  can be seen in Figure 7 that the experimental data are 
well represented by this expression for the interaction 
parameter. 

A combined LCST and UCST type of phase diagram is 
observed for polystyrene (M, = 4800 and 10 300, M,/M, 
= 1.06) in acetone.17 The experimentally determined phase 
diagram of PS with molecular weight 4800 is replotted in 
Figure 8. The theoretically fitted binodal curve is also 
plotted in the same figure. Polystyrene is component 2. 
The interaction parameter is 

x(T,q2) = (1.0 + 0.2p2)(-6.8829 + 345.5/T + 1.1 In T)  
As we can see from Figure 8, the theoretically fitted UCST 
curve agrees well with the experimentally measured UCST 
curve. However, the correlation between theoretically 
fitted and the experimentally measured LCST curve is 
not so good. 

An hourglass phase diagram is observed for polystyrene 
(M, = 19 800, M,/M, = 1.06) in acetone." The exper- 
imentally determined phase diagram is replotted in Figure 
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9 together with the theoretically fitted binodal curve. 
Polystyrene is again component 2. The interaction 
parameter that best fits the data is 

x(T,(p2) = (1.0 + 0.653p2)(-6.9933 + 
376.2fT + 1.1 In 7‘) 

As can be seen from the figure, the theoretically fitted 
curve agrees well with the experimentally measured curve. 

Conclusions 
A temperature- and concentration-dependent interac- 

tion parameter has been employed to study the phase 
diagrams of binary monodisperse polymer solutions and 
blends. This approach permits the fitting of the five most 
generally observed types of phase diagrams by adjusting 
the temperature- and concentration-dependent coeffi- 
cients. Thus, the interaction parameter is obtained when 
a best fit between the theoretically calculated and ex- 
perimentally determined values is generated. Work is in 
progress to extend this theory to include the effects of 
polydispersity. The form of the free energy function used 
here may be extended to include thermal expansion, 
pressure, molecular weight, and other dependencies. At 
present, these elaborations do not seem to be required to 
obtain a good theoretical representation for observed phase 
behavior. 
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